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Abstract 
It is shown that every compact space X can be embedded as a retract of a compact space Y 
so that every regular open Baire subset of Y is clopen. Furthermore, if X is a continuum, Y is 
a continuum as well and Y has only two regular open Baire subsets. This extends a result of 
V.V. FedorZuk. 0 1997 Published by Elsevier Science B.V. 
Keywords: Compact space; Continuum; Regular open (closed) set; Baire set 
AMS class$cation: Primary 54C25; 54D30; 54F15, Secondary 54615; 54C15 
Introduction 
It is well known that if X is a completely regular space, regular open and co-zero 
subsets of X form a base for the topology of X. In [3], FedorCuk constructed a compact 
space 2 such that these two families had trivial intersection. Moreover, his space was 
first countable, separable and of any predetermined covering dimension n 2 2 and was 
constructed as an inverse limit of compact spaces (Xa),<c. As the referee for this paper 
pointed out, a remark in [I] shows that Baire subsets of 2 are cylindrical, i.e., if B is 
a Baire subset of Z, then there exists cy < c and a Baire subset B, of X, such that 
B=p;‘(B,), wherep,:Z --+ X, is the usual projection. The argument in Fedorcuk’s 
paper shows that regular open subsets of Z are not cylindrical, therefore no Baire subset 
of Z is regular open. 
Our method allows us to show that every compact space X can be embedded as a 
retract of a compact space Y so that every regular open Baire subset of Y is clopen. 
Furthermore, if X is a continuum, one also gets that Y is a continuum with only two 
regular open Baire subsets, so we improve upon the result of FedorEuk in one way and 
we will see that this is-in a sense-the best possible. 
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Given a compact space X0, one wants to make sure that all its closed and not open Baire 
subsets are not regular closed. This is accomplished by “introducing new coordinates”, 
i.e., by multiplying X0 by [0, l] and getting a subspace A, so that (B x [0, 11) n A is 
not regular closed in A for some fixed B, a closed and not open Baire subset of Xc. 
This process is iterated up to length 2d (where d is the density of Xc) making sure that 
every proper nonempty closed and not open Baire subset of X, is taken care of at some 
stage p > Q, where X, is the space produced at stage Q of the iteration. We also need 
to check that this is preserved, i.e., that when we have (in X,) a set F which is not 
regular closed, the same is true for the set pi1 (F) in the final space X2,, which is going 
to be our example, where p, : X2 d --t X, will be a projection mapping. To this end, it 
is shown that Baire subsets of X,, are determined at some initial stage of our inductive 
construction (this will be more precise later). 
This being the general outline of our argument, let us get down to the actual details. 
The notation used is fairly standard and all facts that are mentioned without proof are 
either left to the reader or can be found in 121. 
1. The construction 
Lemma 1.1. Let X be a compact HausdorfSspace and let F be a closed subset of X 
that is not open. Let 
A = (X x [0, i]) u (X \ F x [i, l]) = (X x [0, 11) \ (h-it(F) x (i,l]); 
we then have that A is a compact Hausdofl space and (F x [0, 11) n A = L is not 
regular closed in A. Furthermore, if X is connected, then A is connected as well. 
Proof. It is clear that A is compact, being closed in X x [0, 11. To show that A is con- 
nected if X is connected, we observe that X x [0, i] and {z} x [0, l] (where IC E X \ F) 
are both connected and they have nonempty intersection, so their union is connected. 
So, we get that A, being the union of all these sets, the intersection of which is also 
nonempty, is connected. 
Let now K = Lc = ((X \ F) x [0, 11) I- A = (X \ F) x [0, 11; we will show that K 
is not regular open in A. Indeed, 
RA = KXx[O,l] - - 
n A = (X \ F x [0, 11) n A = X \ F x [0, 11, 
so we need to show that 
Y = IntA (X \ F x [O, 11) \ ((X \ F) x [O, 11) # 8. 
As F is closed, Bd(F) s F, so we only need to show that Bd(F) x (i, l] & IntA X \ F x 
[0, 11, as Bd(F) # 8 (recall that F is not open). 
So, let (z, t) E Bd(F) x (i, l] and let t E W, where W is an open interval with 
inf(W) > i. Observe that (X x W) n (F x [0, 51) = 0, so (qt) E (X x W) n A & 
(X \ F x [0, 11) n A and so (2, t) E IntA X \ F x [0, l] and we are done. 0 
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Lemma 1.1 will provide the method of construction of the space Xa+l provided that 
X, is constructed. The following lemma will help us in the case of a limit ordinal. 
Lemma 1.2. Let X0 be a compact Hausdoflspace with density d; for each Q < 2d we 
construct a compact Hausdofl space X, as follows: 
(i) For each cy < 2d and F a closed subset of it as in Lemma 1.1 (the choice of 
which will be done later), let Xa+l = A, where A is as in Lemma 1.1. 
(ii) Zf cy is a limit ordinal, let X, = &,a Xp x [0, l]a’P. 
We then have that X, is a compact Hausdo$ space V’a < 2d and that if X0 is 
connected, X, is a continuum ‘d’a < 2d. We also observe that Xa+t 2 X0 x [0, lla and 
that if/? is limit, Xp C X0 x [0, 11’. 
Proof. It is clear that we only need to prove that X, is a compact Hausdorff space (or 
a continuum) when Q is a limit ordinal. 
It suffices to show that the sequence (X, x [0, l]cI’7)r<u is decreasing; we will show 
by induction that if Q: < /3, then we have that X0 C X, x [0, l]p’cy. If /3 is limit, there 
is nothing to prove; suppose that p = X + n, where n E w and n is not 0. We either 
have that o < X or ,0 = Q + k for some k E w. The second case is trivial and the first 
one follows from the second using the induction hypothesis. 0 
The following auxiliary lemma is stated and proved now, since it is necessary for the 
proof of the one following it. 
Lemma 1.3. Let X and Y be compact spaces and let f : X --f Y be a continuous map. 
If (F&I is a downwards directed family of closed subsets of X, then we have that 
Moreover, if f is an open map and Z is a zero set subset of X, we get that f(2) is a 
zero set subset of Y. 
Proof. One inclusion being trivial, let y E n,,, f(Fi) and observe that this is equivalent 
to f-‘(y) n Fi # 0 V’i E 1. Since (Fi)iEt is a downwards directed family of closed- 
hence compact-subsets of X, we have that the family (f-‘(y) n Fi)iE1 has the finite 
intersection property, therefore 
nf’(~)nF,=f-‘(y)nn~~#0 
ZEI %I 
and :y E j(n,,, F,). We now verify that f(2) IS a zero set subset of Y whenever 2 is 
a zero set subset of X; it is clearly closed, so it suffices to show it is a Gg subset of Y. 
Let 
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where (Vn)nEw is a decreasing sequence of open sets. Therefore, we have that f(2) = 
f(n,,, Vn) = f(l&, i%) = (by our argument above) nnEw f(vJ, so 
f(z) = n f(~) 
nEw 
and f(2) is a Gs set, as f is an open map. 0 
The following lemma is proved now as its proof does not depend on the choice of the 
set F mentioned in Lemmas 1 .l, 1.2. It makes the statement hat Baire subsets of X2, 
are determined at some initial stage of our iteration more precise. 
Lemma 1.4. For every Baire subset B of x2,, 3a < 2d such that 
B = (B, x [0, 1]2d’a) n X2,, 
where B, is a Baire subset of X,. 
Moreovel; if B is closed then B, is also closed, and if B is a zero set, then B, may be 
chosen to be a zero set as well. (Therefore, B and B, can be of the same Baire class.) 
Proof. Let C = {a: B C X2, and 30 < 2d such that B = (B, x [0, l]2d\“) n Xp for 
some B, C X,, B, Baire}. It is clear that we need to show that C contains the zero sets 
and is a o-algebra, or that it is closed under countable unions (the case of complements 
is trivial). 
So, let 20 be a zero set subset of X2d; observe that X2, is C-embedded in X0 x [0, 1]2d, 
so Z. = Z’nX,, for some zero set 2 C X0x [0, 1]2d. Let 2 = Z(f) and observe that since 
X0x [0, 1]2d has density d, f depends only on d many coordinates, i.e., 3A L 2d, IAl 6 d 
such that if IC = (Q)~<~ d and y = (yi&d and xi = yi vi E A; then f(x) = f(y). 
Using that of > d, find (Y = ,8 + 1 < 2d such that cx > i Vi E A; we claim that 
2 = ~~(2) x [0, 1]2d\a, where TV : X,J x [O, 1]2d -+ X0 x [0, 110 is the usual projection 
map. 
One inclusion being trivial, let (z, t) E ~~(2) x [0, 1]2d\a and let z E 2 satisfy 
~~(2) = 2. We then get that xi = zi \Ji < o’, so ‘di E A as well, so we have that 
f(x:,t) = f(z) = 0 and (z, t) E 2. An application of Lemma 1.3 shows that ~~(2) is a 
zero set and ~~(2) n X, is a zero set as desired. 
We now show that C is closed under countable unions (the same proof works for unions 
of size d); let B, = (B,, x [0, I] 2d\an)nX2d and take CY < 2d such that Q > Q, vn E w. 
We have that 
B, = (&, X [o, i]2d\"") n x2d = ((Ban X [o, l]"'"n) X [o,1]2d\a) n X2d, 
so we get that 
B=UB,,= u Ban x [O, I]- 
new nEw 
) x [o,l]2d\a) nX2d 
= (& x [o, 1]2d\“) n x2d, 
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where 
B, = U Ban x [o, I]+, n x, 
nEw > 
is a Baire subset of X,. 
To complete the proof, let B be closed and let (z~)~EJ be a net in B, with xi + 2. 
We then have that (xi, 0, . . .) E B, so a subset of it, say (5iL ) 0, . . .), converges to 
(y, 0, . .) E B. But then x = y E B, so CC E B, and B, is closed. •I 
Remark. Given a < 2*, X0 x [0, 11” has density d, so we get that the space X, has at 
most 2* many continuous functions, therefore at most 2* many zero subsets. Hence, X, 
will have at most 2* many Baire subsets ‘~“a < 2d. 
One needs to know which closed Baire set we are going to use at stage CY of our 
inductive construction. To this end, we prove the following result. 
Lemma 1.5. There exists a one-to-one function y : 2d x 2d + 2d n SVCC such that 
$ck, p> > cy V’a, p < 2d. 
Proof. We will define y by transfinite induction. Well-order 2d x 2d in type 2d, so that 
2d x 2d = {(a,,b,): IY < 2d}. Having defined ~(a~, ba) Va < q, define y ( uV, b,) = 
6, where S is the minimum successor ordinal greater than uV and not equal to any 
Y(%r&), a < V* 0 
We are now ready for the construction of our space X. Let X0 be a given compact 
Hausdorff space with density d and let S < 2d and suppose that ‘~“a < S we have 
constructed X, and that we have listed the closed and not open Baire subsets of X, in 
length 2d, i.e., in {BE: p < 2d}. 
If 6 is limit, let X6 = naC6 X, x [0, l] 6\a If S is a successor and S = y(cy, p) for . 
some a < 6, p < 2d, we construct XS as in Lemma 1.2, using the closed Baire set 
B = (BE x LO, l]~(“?fl)-\~) n X,(,,DJ-, where y(a, p>- = 6- is the predecessor of S, 
provided that B is regular closed and not open in X6- ; otherwise, let Xd = X6- x 10, 11. 
Let X = &.+ X, x [0, 1] 2d\Cy. To show that X is as desired, we prove the following 
fact. 
Lemma 1.6. Let F c X, be closed, not regular closed; then we have that V’p > a, p < 
2*, (F x [0, l]b\“) n Xp is not regular closed in Xp 
Proof. Without loss of generality, we may suppose that CY = 0, so X, = X0 and 
X W+l = X1. We will show that (F x [0, 11) n X1 is not regular closed and our proof 
will cover the case of any successor ordinal. 
One has that F is closed, but not regular closed, hence 3~ E F \ M(F). This implies 
that 3~ E F and 3U C_ Xc, such that U is open, x E U and U n Int( F) = 8. We will 
show that (U x [0, 11) f’ Int>i, (F x [0, l]) = 0 and that will do. 
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Arguing by contradiction, suppose this is not the case and let p E (U x [0, 11) n X1 
be such that p E (V x I) rl X1 & F x 10, l], where I is an open subinterval of [0, I]. 
Since U is open, we may assume that V 2 U, so (since U n Int(F) = 0) we get that 
p E (V x I) IT Xt C Bd(F) x [0, I]. We claim that this implies that inf(1) > +; if 
this is not the case, we get that V x J & (V x I) n X1 for some subinterval J of 
[0, i), so we get that V E Bd(F), which is impossible. Therefore, inf(1) 3 $ and 
I E ($, I], so we get that (V x I) IT X1 = (V \ G) x I, where G = Int(B) (B is the 
regular closed Baire set that is used in the construction of Xi) is regular open. Hence 
(V \ G) x I E Bd(F) x [0, l] and V \ G C Bd(F), or V c G U Bd(F). Therefore, 
V C Int(G U Bd(F)) C ?? U Int(Bd(F)) = G (the reader can fill in the missing details), 
hence V C In@‘) = G and p E (V x I) rl XI = (V \ G) x I = 0, so we get a 
contradiction. 
Proceeding by induction, let ,0 be a limit ordinal and suppose that (U x [O, I]‘) n 
Intx, (F x [0, 117) = 8 ‘dy < ,k Suppose now that (U x [0, l]p) n Xp # 8, so- 
with terminology analogous to the successor case-let p E (V x Ii, x I . . x Iii,) x 
[0, l]p\{il>...likI n X, & Bd(F) x [O, 110 and V & U. Find y < p (y a successor) 
such that y > it , . . . , ik and an open subset W of X, such that W C U x [0, 117 and 
(W x [0, l]P\r) n Xp C Bd(F) x [O, l]O. If p = (~0,. . . ,py, . . ,) and p’ = (pc, _ . . ,py), 
then p’ E W and the induction hypothesis yields that 3 E W n (X0 \ F) x [0, 117, 
therefore (i, 0,. . .) E (W x [O, l]fl\‘) n Xp n (XC, \ F) x [0, l]P\r = 8, so we get our 
fina contradiction. 0 
Theorem 1.7. Given a compact Hausdogspace X, there exists a compact Huusdofl 
space Y such that X is a retract of Y and if F is a regular closed (or regular open) 
Baire subset of Y, then F is clopen. 
Moreovel; if X is a continuum, Y is a continuum and Y has only two regular closed 
(or regular open) Baire subsets. 
Proof. Suppose that X has density d and let Y = X2, I Let B be a closed Baire subset 
of Y that is not open. Apply Lemma 1.4 to get LY < 2d, ,D < 2d such that B = 
(@ x [O, 1]2d\*) n Y, w h ere @ is a closed Baire subset of X, and observe that Bt is 
not open. 
By Lemma 1.6, we get that if (Bt x [0, l]‘(“~~)-\a) n Xrta,p,- is not regular closed 
in Xy(cu,p)-, then B is not regular closed either. Otherwise, we observe that since B 
is not open, (at x [O, l]r(“jP)-\“) n X,(,,p)- is not open in X7(,,,)-. Therefore, the 
construction guarantees that (BE x [0, l]Y(a$P)\a) n X,(,,,J is not regular closed and 
Lemma 1.6 finishes the proof. 
Finally, if X is connected, we get that Y is also connected by Lemma 1.2. Clearly, X 
is a retract of Y. 0 
It is now time to fulfill our promise and show why this result is-in a sense-best 
possible. More precisely, we have the following: 
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Remark. Let X be any topological space and let 2 C X be a zero set; one can show 
that 2 = nn_ G, where G, is a regular open set ‘dn E Y. 
Indeed, Z = nnEw V, where V, is an open set Vn E w and Vn+l C V,. Let G, = 
Int(E) and observe that each G,, is regular open and that Z = nnEw G, as required. 
2. Concluding remarks 
I would like to thank Murray Bell for informing me about FedorEuk’s paper and the 
referee for pointing out that FedorEuk’s space is a compact first countable space with 
only two regular open Baire subsets. 
I would also like to thank Jan Baars and Alan Dow for their comments on earlier 
versions of this paper and-last, but not least-1 would like to thank my thesis supervisor 
Steve Watson for all his support during my studies at York University. 
The following question comes up naturally: 
Question. Is it possible to embed a given compact Hausdorff space (continuum) X as 
a retract of a compact Hausdorff space (continuum) Y with few (i.e., just the clopen 
sets) regular open Baire subsets so that the character (or the density, the-necessarily 
uncountable-weight etc.) of Y is not greater than the corresponding cardinal invariant 
for X? 
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